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Abstract. Within the framework of the Kershaw stochastic model and of the hypothesis on
the space stochasticity, equations of motion for two relativistic stochastic particles are
obtained which coincide in form with the equations of Cufaro Petroni and Vigier. In the
nonrelativistic limit, these equations of free motion reduce to the usual two-particle
Schrédinger equation, the imaginary part of which corresponds to a Hamilton-Jacobi
equation for two particles interacting through a nonlocal quantum potential.

In our recent papers (Namsrai 1980a, b, c) the motion of a single particle and of two
interacting nonrelativistic particles has been investigated in terms of space stochasticity
and we have obtained stochastic mechanics due to Nelson (1966), Kershaw (1964) and
de la Pena and Cetto (1975). A method is proposed for the relativisation of the given
scheme for describing the processes in the stochastic space; by using this method, the
equations of a single-particle motion can be written in a covariant form which coincides
with the equations of Lehr and Park (1977), Guerra and Ruggiero (1978) and Vigier
(1979).

Now we consider the problem of two identical correlated relativistic scalar particles
since this is the problem of real physical interest. We want to analyse this question
within the framework of Kershaw’s (1964) stochastic model and of the stochastic space
R,(£*) with a small stochastic component (Namsrai 1980a) by using the Smoluchowski
type equations for the probability density p(x¥, x3, 51, 52) of finding the first particle at
point x{ and the second one at x5 at ‘time’ s; and s,, respectively. Let v (x 1, x5, 51, 82)
and v5(x1, x%, 51, 52) be their relative velocities. Here s is a certain invariant parameter
(proper time), another interpretation of which can be found in Namsrai (1980a) and
Miura (1979). We have assumed (Namsrai 1980a) that the derivative with respectto s
could be interpreted as a derivative with respect to the direction of some (arbitrarily
chosen) vector V¥, Especially, if V* is the particle velocity, then s may be interpreted
as the proper time of this particle.

A basic hypothesis for a generalisation of our scheme to the relativistic case was the
following:

(i) The stochasticity of the space R4(£*) appears in the Euclidean region of the
variables £§ = xg -+ bg only, xg being the regular part of the coordinate and b some
small random vector with a distribution A (b£) obeying the conditions

Jd/\(bﬁ)zl, dr(bg) =0,
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(ii) A shift of the coordinate x°~ x°+ir is equivalent to the consideration of the
physical quantities as functions of complex times ¢ +ir in the limit - 0, where 7 is a
random variable. The importance of this shift in the time variable has been noted by
Alebastrov and Efimov (1974) and Davidson (1978) (see also Namsrai 1980d).

Our starting point is just the two-particle generalisation in the configuration space of
our one-particle model (Namsrai 1980a, b, ¢). This model can be mathematically
described in an eight-dimensional configuration space (see also Cufaro Petroni and
Vigier (1979)) where a pair position and relative velocity are defined by the eight-
component vectors X'andov' (i=1,...,8) respectively, where

{Xi}i=1,‘..,SE{x’;’ xs}u,v=0,...,3s {Ui(ij S1, SZ)}E{viLs US}

with x{, x3 four-vectors of the position of each body. The metric is defined by g;; as in
Cufaro Petroni and Vigier (1979) so that

X?=XX"=g.X'X' = (x,)*+ (x2)°.
If x%(s1), x5(s2) are the trajectories for the two particles, the trajectory in the
configuration space will be X' (sy, 52).
By analogy with the three- and four-dimensional cases, we introduce here a
two-particle version W(X i, 51, 82, As1, Asy) of the conditional probability densities
P(x, ¢, At) and ¥(x", s, As) determined in Namsrai (1980a, b, ¢) and Lehr and Park

(1977). If two particles do not correlate, the quantity of W(X", 51, 55, Asy, As,) may be
factorised by

W(X, 51, 82, As1, Asz) = Wq(x¥, 51, As))Wa(x3, 52, Asa).

Here we will choose the gauge As; = As; = As.
Then Smoluchowski-type equations for p(X', 51, 52) acquire the following form:

p(X', 51 As, 5% As)
= deYEp(X’: Y, X +iYE X°+iYE sy, 52)
XUHX =Y, X' +iYL, X +1YL, 51, 50, As, YE) (1)

where X' and Y  (I=2,...,4,6,...,8) denote the space coordinates of X'and Y'
By using the exact form of ¥*(X'#Y! X' +iY%, ..., YE)

V¥ = (47D, As) *exp [~(YE — Y.)? /4D As]

Yi =(xivkAs, £ivlAs, viAs) @
we obtain from (1) the following equations in the limit As =0

ap/ sy +3p/ds2+d;(pv' )~ D, Tp =0

0p/8s1+dp/os2+d:(pr )+ D Tlp =0 (3a)

8 =9/8X", —-8;8 ==+,
Here we assume D_= D, =D, D is the diffusion coefficient, the quantities v’ and v.
are called the forward and backward velocity, respectively. We pass to the variables

i i

o' =30l +ol), u' =3l —ol)
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and sum (subtract) the equations in (3a) in pairs, thus obtaining
3p/ sy +3p/osy+d:(pr') =0

‘ , (3b)
u'=-D3dlnp

where v/ (X7, s1, 52) and 1’ (X', 51, 5») are the total drift and stochastic velocities.

In our model, as a generalisation of the assumption (Namsrai 1980a) that the mass
(interpreted as the probability density times volume) cannot disappear through any
hyperplanes characterised by the vectors v{ and v3, respectively, we make the physical
hypothesis that the total number of particles (i.e. pair in the real space-time) is
conserved, and thus we write

0 J

2422 —(dp - vy)+(dp * 1)

ds1  9ss
_9 004 vy Bp Bp QL S vz op
a0t 1-382 )“23::1 x5 (1-85)% ax
=O (,Bizvi/c-9i=192)

so that our continuity equation in the configuration space is

3i(pv')=0 4)
or in terms of v’ and u’,

—u'v;+D d'v; =0. &)

Due to Kershaw (1964) we can constitute the equations of the type (1) for the mean
velocities v% (X', 51, 52) in the external fields F. (X', 51, 5;) by the following formula

oL (X' s1+eAs, s, +eAs)
1 ,
=—-j[u;(x’—ey’,xl+iYé,X5+iYé,sl,s2>
N.
4 As _, I S 5, w5
(-:M—Ft(X —eY' , X +iYg, X +1Y%g, 51, §2)
XWX —e Y, X '+iYL, X +iY3, 51, 52, As, YE)
Xp(X' =Y, X' +iYE X +iY3, 51, 52) d® Ye (6)
where

=Jd8YEW*(X’~eYI,X1+iY,15, L YE(X =Y, L, 5)

are the normalisation constants and

_{ 1 forol
€= -1 forov’.

M is some effective mass (it can be of a matrix form with respect to m—mass of the
scalar particle) of our two-body system.
In our case the equations (6) imply
dul ouk

2
—_— 4 —4 9 F M:f: (___ + i)
a5 955 ul, u:t t/ D Du aui Ou (7D
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We sum equations (7) and have

Dw'-Du'=(1/2M)(F. +F.)=F'/M

9 9 ,

D=t -—40's, ®)
081 082

D, =u'8;+D.

Equation (8) together with the continuity equation (4) are the covariant analogy of the
one-particle case in the two-particle system.

Let us notice that the left-hand side of equation (8) coincides exactly with the
expression for acceleration obtained by Cufaro Petroni and Vigier (1979) on the basis
of some assumption in the framework of the mathematical approach of Nelson (1967)
and Guerra and Ruggierc (1978).

By equations (5) and (8) we have a coupled pair of nonlinear partial differential
equations which may be linearised if we assume as before (Nelson 1966, 1967 and
Cufaro Petroni and Vigier 1979)

vi=0d'¢/m 9)
where (X', 51, 5,) is the phase function which is given by
@ (X, 51, 52) =3mc(s1+52) + S(XY). (10)

Starting from (4), (8) and using (35), (9), (10) we obtain in the case F'=0 an
Hamilton-Jacobi-type equation (R =p'/%, D = #/(2m)) for our two-body system i.e.

(3:6' —8:89'S/h—2m*c*/h*)R =0 (11)
which yields for the continuity equation the form

29,R9'S+ R3,8'S =0.
Finally, we have the equation for ¢ = R exp(iS/#)

(@O-2m?c*/H*) ¢ =0. (12)

In the nonrelativistic limit, the relation (12) reduces to the usual two-particle
Schrodinger equation which (writing ¢ (x1, x2, t) = R(x1, X2, ) exp(iS/ h)) splits into the
real and imaginary parts i.e.:

OP/ot +V (P V1S/m)+V2(P V,§/m)=0
with P=R?=y*y and

38/0t+(V18)*/m + (V28 /m+ Q=0
where

Q=-h*(ViR/R+ViR/R)/2m

is a nonlocal quantum potential.
In conclusion we notice that the discussion of the physical implications of the above
mentioned results have been found in Cufaro Petroni and Vigier (1979).
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